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INTRODUCTION 
Conventional pulse-echo ultrasonic inspection uses the ratio of the signal from a 
crack-like defect to the signal from a reference reflector as one factor which determines 
whether the flaw merits reporting, further sizing, and, possibly, removal. Two reference 
reflectors are in common use: a side-drilled hole and a flat-bottomed hole. 
Smooth flat cracks are a good mathematical approximation to fatigue cracks, one 
type of defect with potential for harm in a nuclear reactor pressure vessel and associated 
piping. Such defects grow during repeated cycling of the applied stresses. They originate 
from small initial defects or inclusions left in at manufacture. 
As these defects are smooth, on the scale of an ultrasonic wavelength, and generally 
flat, and also large relative to the wavelength, they can be succesfully modelled using the 
geometrical theory of diffraction (GID). GID is a rapid method for evaluating the 
ultrasonic signal from a defect. The signal from the reference reflector is easy to calculate 
if the reflector is a side-drilled hole whose axis is normal to the ultrasonic beam axis and 
provided it is in the far field of the transducer. If the reference reflector is a flat-bottomed 
hole then prediction of the signal for non-normal angles of incidence is more difficult since 
the signal arises from the curved edge at the intersection of the flat bottom of the hole and 
its cylindrical side face. This is an inherently three dimensional problem as shown in figure 
1. 
CURV ATURE TERM FROM GEOMETRICAL THEORY OF DIFFRACTION 
In the Geometrical Theory of Diffraction (GID), first propounded by Keller [1,2] 
and applied to elastic wave propagation by Karal and Keller [3], elastic wave energy 
propagates along rays. Diffraction occcurs at crack edges. This can be treated in terms of 
Diffraction coefficients provided the specular and incident wavefields can be removed from 
the total scattered field or in terms of scattering coefficients if only the incident field can be 
removed. 
Diffraction coefficients in a general scattering problem are defined through the 
relationship [4]: 
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Fig. 1. Scattering from a flat-bottomed hole. 
(1) 
where lJ. is the scattered field, Ile is the geometrical elastodynamic field comprised of 
incident plus reflected waves, !:t is the incident field and !l the diffracted term. 
The field quantity u has an amplitude A(s) at some distance s along the ray and a 
phase kqJ(s) with 
u = A(s)eik'P(s) (2) 
If T1 and '2 are the principal radii of curvature of the wavefront normal to the ray at 
some point, then at a distance s further along the same ray, the radii become T1 + sand 
r2 + s. Hence [1]: 
(3) 
Taking the reference point in equation 3 to be on the defect edge, one of the two 
principal radii of curvature vanishes. Denoting the remaining one by 'Tl, which is now the 
distance from the defect edge to the caustic, we have for pulse-echo inspections [5]: 
1 2cos/3 
-=----
1J R a (4) 
where R is the range to the transmitter, the radius of curvature of the diffracting edge is a 
and ~ is the angle of incidence measured anticlockwise from the face of the defect. 
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Immediately after diffraction occurs, the field quantity u can be written as the 
product of a diffraction coefficient F( [3) and a curvature term multiplying the incident field 
amplitude. For pulse-echo, this can be written as [5]: 
u = F([3)1 a 1Y2 ~i"" 
a-Rcos[3 (5) 
for a spherical wave centered at R, incident at angle ~ on an edge with radius of curvature 
a. If the incident wave is a plane wave, the curvature term 
(6) 
is replaced by 
(7) 
For a curved edge of a thin, flat crack, the canonical problem which yields the 
diffraction coefficient F( [3) is an infinite strip-crack of infinitesimal width. For a flat 
bottomed hole, the canonical problem is a 2700 wedge - provided the curvature term 
behaves as expected. 
3-D FINITE DIFFERENCE CALCULATION 
For flat-bottomed holes, the scattering will be inherently three dimensional since it 
arises from the curved edge which is the intersection of the plane representing the flat 
bottom of the hole and the cylindrical side of the reflector, see figure 1. Finite difference 
techniques have the advantages that: a short duration, hence wide bandwidth, pulse may be 
readily treated; all mode conversions are automatically included on stress-free surfaces and 
scatters of complex shape are easy to treat. Disadvantages of the technique are that 
accuracy criteria restrict the mesh size (to about 1/8 of the shortest wavelength in the 
problem to yield 5% accuracy in velocities [6]) and then a stability criterion restricts the 
time step [7]. With current computer resources, this places a practical limit on the region 
which can be modelled around a defect. In three spatial dimensions these problems are 
exaggerated. Temple [8] developed a 3-D finite difference code, called Swam3d, for 
carrying out elastic wave propagation and scattering calculations in inhomogeneous and 
anisotropic media. 
Because the computer code was developed to solve the equation of motion in 
inhomogeneous materials [9]: 
(8) 
voids of arbitrary shape can be included simply by setting their elastic constants to zero 
everywhere within the defect. The finite difference parameters used are listed in Table 1. 
Two frequencies have been used: 2.25 and 4.3 MHz. The calculational volume, 
mesh size and number of timesteps have been kept constant for the two calculations. Thus, 
with a mesh spacing of 0.975 mm, there are about 17 points per Rayleigh wavelength 
whilst at 4.3 MHz, there are about 9 points per Rayleigh wavelength. The source is a point 
source located as shown in figure 2. Normal displacements with a sinusoidal time 
dependence are applied for one cycle. 
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Table 1. Parameters used in the finite difference calculations 
Box size 
mesh spacing 
time step 
Number of timesteps 
radius of fbh 
frequencies 
Non-zero Elastic constants. 
Cll = C22 = C33 
C12 = C13 = C23 
C44 = C55 = C66 
density 
139 x 80 x 127 mesh points 
h =0.075 mm 
!J.t = 0.007 J1S 
300 
a= 19h 
2.25 and 4.3 MHz 
275 x 1Q9Nm-2 
107.1 x 109 Nm-2 
83.95 x 109 Nm-2 
p = 7.9 x 103 kgm-3 
SCATTERING BY A WEDGE AND BY A FLAT-BOTTOMED HOLE 
To obtain the differences between the scattering by flat-bottomed holes and the 
canonical problem of a 270° corner, we ran the two calculations outlined in figure 2. In 
one set of calculations, the area marked void is a long rectangular region (the width of the 
finite difference mesh) whilst in the other case it is a cylindrical hole with radius 19 mesh 
spacings. In the projection shown, which passes through the center of the cylindrical 
defect, the two slices look the same. By choosing the size of the defects as shown, the 
signals from the three insonified corners arrive back at distinct times, thereby making it 
possible to extract information on three angles of incidence in the same computer run. 
Note that the cylinder will, in fact, have a staircase surface as the boundaries are always 
along lines parallel to the principal axes of the square mesh. The angles involved are listed 
in table 2. 
A point source is located on the edge of the computational volume and 1 cycle of 
incident wave is generated. Detectors are located at 10° intervals around circles centered 
on the three vertices. 
Fig. 2. 
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Table 2. Parameters in flat-bottomed hole calculations 
Range (mesh 
spacings) 
72 
44 
102 
Angle p 
33.7° 
116.6° 
258.7° 
Detectors located at angles 
measured from x-axis 
10-260° 
100-350° 
0--80° 
and 190-350° 
Detector range 
30 
30 
30 
30 
GTD gives the signal S received at a probe of area Ap , distance R2 from a defect 
insonified by another probe of area Ap and distance RI as [5]: 
Here y is the ultrasonic wavelength; D( e,f3) is a diffraction coefficient for a wave 
incident at angle P and diffracted into angle e and a is the radius of curvature of the edge. 
The two quantities Xl and x2 are 27rfai sin WC withf the frequency, C the speed of the 
wavemode, Q the angle of the diffraction point from the beam axis, and ai = ~ or ~ the 
radius of the piston source or receiver, assumed circular. The dimensions of S above are 
L2. The curvature term can be made dimensionless, but still frequency dependent, by 
taking out a factor 0.2RIR2)1/2 from the numerator to leave 
(10) 
Values obtained from dividing the responses from the flat-bottomed hole by those 
from the wedge are displayed in figure 3 where they are compared with the theoretical 
predictions above including the effect of dividing the analytical results obtained from 
equation 10 by the result with a --t 00. The values used come from the integrated signals 
and so are less subject to peculiar phase effects. Nevertheless, there will still be errors near 
shadow boundaries and close to specular reflections. Those listed in table 3 have been 
removed from the analytical expression plotted in figures 3 and 4. 
Repeating the calculations at a frequency of 2.25 MHz yields the results shown in 
figure 4. Again the results for detectors d2 and d3 show good agreement whilst those for 
dl are contaminated by a specular reflection around 160°. 
CONCLUSIONS 
Calculations have been performed with the finite difference model Swam3d to 
predict the time dependent scattering in three spatial dimensions from the edge of a flat-
bottomed hole. This work has shown that scattering or diffraction coefficients can be 
defined for non-normal incidence on flat-bottomed holes and can be calculated successfully 
using a three dimensional finite difference code. The general trends predicted by the finite 
difference calculations, comparing the responses from a flat-bottomed hole and a 270° 
vertex, do support the analytical GTD results; although the absolute magnitudes can differ, 
typically by up to a factor of 2. The reasons for this are not understood. There are no 
adjustable parameters in the fit, so factor of 2 is acceptable agreement for pioneering work 
of this sort. 
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Table 3. Angles of specular reflections 
Detector Angles (degrees) 
dl 146.3 
d2 63.4,243.4 
d3 101.3 
We conclude that it is appropriate to use diffraction coefficients obtained from the 
canonical problem of scattering from a 270° vertex and to multiply these by a curvature 
term which depends solely on the angles of incidence and scattering, the radius of curvature 
of the edge and on the ranges from the transmitter and to the receiver as expected from a 
GTD. 
The fmite difference results here have been applied to a particularly stringent test 
of the geometrical theory since the radius of curvature of the defect edge is equal to the 
ultrasonic wavelength A at 4.3 MHz; the distance from the source is only 3A - 5A; and 
the distance to the receiver is only 2A. As a rule of thumb, GTD should only be strictly 
valid when all dimensions are at least 2A - 3A. Doing larger calculations should, 
therefore, improve the agreement but larger calculations do cost more. Calculational costs 
go up as the fourth power of the mesh size. These calculations were performed using about 
300 timesteps on a mesh 139x80x127 using the CRA Y-2 on the Culham-Harwell site. 
Each calculation uses 16M words on a CRA Y -2 and takes approximately 45 minutes per 
run. 
It is known from careful experimental measurements using laser generated 
ultrasound, that agreement between real-life ultrasonic diffraction experiments and GTD 
can be achieved but that departures from the theory, such as finite slot widths and non-
square corners, can have quite marked effects on the real signals [10]. What we have 
shown here is that, even for a single cycle, finite width beam, GTD with a curvature 
term is a good way of estimating the signal strength from a flat-bottomed hole at non-
normal incidence. This conclusion considerably simplifies the calculations which are 
needed in system models. 
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Figure 3. Results for diffraction of 4.3 MHz compression waves compared with the 
analytical expression, equation 6, expected away from caustics and specular directions. 
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Figure 4. Results for diffraction of 2.25 MHz compression waves compared with the 
analytical expression, equation 6, expected away from caustics and specular directions. 
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